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Abstract. In the work the ground state problem is considered. Theorem on the largest
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Keywords: ground state, symmetrization, compactness, Euler-Lagrange equation.
AMS Subject Classification: 35Q70, 39B72.

1. Introduction

Let Nn=>3.For o >0 we consider the functional

& [u]=.[ Vu|2dx—g” dedy
a R" 2 JJrRxrr |X_y|2
and the ground state energy
E(a):=infig,[u]:ue H'(R"), Ju|=1},

where ||u||=||u||2denotes the L*-norm of u. Of course, E(a) is non-

increasing with respect to « and, replacing U by | i *u(Ix), one easily finds that
either E(a)=0 or E(a)=—o0.We are interested in the largest value of & such
that E(ar) =0, that is

a, = sup{a >0:E(a)2> 0} =

I|Vu|2dx
=inf R ———ueH'R"),u|=1}.
i CRTC) S
2 JJR"R" |x _ y|2
Using standard compactness and symmetrization methods (see [2] and also [3]) one

proves
Lemma 1. The infimum
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j Vu| ? dx

inf’

LN ISy
R"xR" |X _ y|2
is strictly positive and there exists a symmetric decreasing e H'(R') with
||gz/|| =1, which minimizes the ratio.
Hence we infer that ¢, |u| >0 forall U with ||u|| =1 and, if y denotes the

function from the lemma,

%

_ ”n n|l//( )| |§//(Y)| dxdy=

R"R | _y|
Hence 1 is a minimizer of €0, and consequently a solution of the Euler-
Lagrange equation
vyl
fx=yf
for some constant A < 0. Integrating against ¥ we find that

—-A —aof Sdyy =y

a, |l//( )| |V/(Y)|
=-— dxdy. ey
ijann |X y
Hence y(X):= 1/2|/1| ' (X/,l ) satisfies
- Ay, _J.R,, |l//0_();)||2 dyw, =-v, (2)

and

J‘J‘ |‘//0(X)| |‘//o(y)|
R"xR" |X _ y|2

This function i/ has the following variational characterization.

[ Vvl 'd dxdy=[__ | dx

Theorem 1. One has

Yo Paxemi) [ tvda LfE - OTOf
folvylos=min [ 19" o [ = oyl

Proof. Multiplication by constants and scaling shows that the minimum on the
right side coincides with
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I|Vu|  dx
min
” - |U(X)| |U(Y)| dxdy
x | X — y
Hence by the previous lemma, it coincides with
I|V z,y| dx

” |l//( )| |g//(y)|
nXRn |X y
On the other hand, by the definition of ¥,
2 -1 2
J.|Vy/0| dx = a0|ﬂ| I|Vl//| dx.
R" R"
Using the value of 4 from (1) we obtain the claim.
Finally, we remark that the technique from [2] might allow one to prove that

the minimizer of Ep is unique up to translations. We do not know whether this

dxdy

question has been investigated in arbitrary dimension. The fact that the Euler-
Lagrange equation (0.2) has a unique positive, radial solution vanishing at infinity
has been proved in [1] for the casen=4.
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Qeyri-xatti sifir vaziyyat problemi
Sh.M. Nasibov
XULASO

Maqalada sifir vaziyyat problemina baxilir. Baxilan funksionala daxil olan parametrin
on bdyiik qiymoti hagda teorem isbat olunmusdur.
Acar sozlar: sifir voziyyot, simmetriklogsdirmo, kompaktliliq, Eyler-Laqranj tonliyi.

HenuHeliHas 3agaya HYJ1€BOIr0 COCTOSIHUS
II.M. Hacu6oB
PE3IOME
B pabote paccmarpuBaeTcst HeMMHEHHAs 3a7a4a O HYJIEBOM COCTOSHUH. Jloka3pIBaeTcs
TeopemMa O HauOOJIbIIEM 3HAYCHHM IapaMeTpa BKIIOUEHHOTO B PacCMOTPEHHBIH
(GyHKINOHAIT.

KnroueBble c10Ba: HylI€BOE COCTOSIHUE, CHMMETPH3ALUSI, KOMIIAKTHOCTb, yPaBHEHHE
Elinepa-Jlarpanxa.
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